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We prove that any subgroup of isometries of a Euclidean space can occur as a subgroup
of isometries of a self-similar set. Furthermore the isometry group of a planar self-similar
set E satisfying the open set condition must be ﬁnite, and the possible groups of isometries
are restricted by the cardinality of the system of similitudes that generates E . We can
prove that these results hold for self-similar sets in R3 only in the case that the generating
similarities are homotheties. Lastly we prove that if a self-similar set is strongly separated,
then its group of isometries must be ﬁnite.
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1. Introduction
An isometry of a subset A ⊂ Rn is a pointwise transformation σ : A → A that preserves the Euclidean distance d(x, y)
between the pairs of points x, y in A, i.e. such that d(σ (x),σ (y)) = d(x, y). The beautiful book Symmetry by Hermann
Weyl [9] shows how the groups of isometries (or symmetries, in the terminology of that book) of R2 and R3 determine
some basic properties of these spaces. Full knowledge of a space requires knowledge and understanding of its group of
isometries. The practical interest of such understanding is illustrated in the book in an extensive gallery of images of living
creatures, sculptures, and artistic decorations in which can be seen almost every such group.
Self-similar sets provide basic models for Euclidean subspaces with fractal geometric structure. In order to understand
these spaces in depth we must understand their isometry groups. There is a natural inclination to think that a compact
fractal space, full of holes, cannot admit an inﬁnite group of motions. This intuition can easily be proved to be right in
the case of strongly separated self-similar sets as we show in Section 4. This is in contrast with the case of self-similar
sets with open set condition, analyzed in Section 3, where the ﬁniteness results are only partial (see the last paragraph of
this introduction below) and require more effort. Indeed our knowledge of this class of fractals is still incomplete, and easy
questions can have not so trivial answers. For instance, can a planar self-similar set of dimension smaller than 2, though
still connected, contain a circle or an arc of a circle?
A dynamical analysis of self-similar sets with non-trivial isometries reveals that their structure displays a double regular-
ity, as they possess an invariant measure with respect to two independent transformations, the shift transformation and the
isometry itself. The inverse of the shift maps ﬁnite sets of similar copies of the cylinders of the ﬁrst generation to smaller
scales. The isometry permutes cylinders at a ﬁxed scale among themselves.
It soon becomes clear that self-similar sets can display any possible group of isometries. This is the content of Section 2.
The method used there, with some modiﬁcations, is shown in Sections 3 and 4 to be rather general.
We prove that any group of isometries of a self-similar set with the open set condition in the plane must be in fact
ﬁnite, and extend this result to self-similar sets with open set condition in R3 for which the generating similarities are
homotheties. The fully general case of self-similar sets with open set condition remains however open.
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to certain conditions, among them that the group is ﬁnite. The results mentioned above prove that, at least in some cases,
the ﬁniteness assumption does not restrict the generality of the results in [3].
Furthermore we show in Section 3 that if E is planar, the cardinality of the group of isometries of E is bounded above
by twice the cardinality of the system of similarities which generates E . For the case of self-similar sets in R3 with the
open set condition and generated by homotheties, we prove that the cardinalities of the orbits of their groups of isometries
are bounded above by the cardinalities of their systems of generating homotheties.
2. Inﬁnitely generated self-similar sets
Let Φ = { f i: i ∈ M} be a set of contracting similitudes in Rn with contraction ratios {ri: i ∈ M}, ri < 1, i ∈ M . A subset
E ⊂Rn is said to be self-similar if it satisﬁes
E =
⋃
i∈M
fi E. (1)
Here the set M of indices can be either ﬁnite or inﬁnite. If Φ is a compact set of similitudes (in the metric derived from
the supremum norm of linear maps), then there exists a unique compact set E satisfying (1) [7,10]. We call such a set E the
self-similar set generated by Φ . We shall restrict our attention to self-similar sets generated by compact sets of contracting
similitudes. In particular, the self-similar sets considered will always be compact sets.
The composition of any two isometries of Rn is again an isometry, and, in fact, the isometries of Rn are a group, which
we denote by In . If σ(A) = A for some subdomain A ⊂Rn , we say that σ is an isometry of A, or that σ acts isometrically
on A. The subset of isometries of Rn that act isometrically on A is a subgroup of In which we denote by IA . We say that a
subgroup G ⊂ In acts isometrically on A if all the isometries in G act isometrically on A, or, equivalently, if it is a subgroup
of the group of isometries IA .
Most of the work on self-similar geometry has been developed for the case in which the index set M is ﬁnite, M =
{1,2,3, . . . ,m}. In this case Φ = { f i: i ∈ M} is always compact, and the ﬁniteness of Φ imposes restrictions on the subgroups
of isometries that can act isometrically on E , as will be seen in Section 3. In the inﬁnite case there is no such restriction.
This is the content of the following
Theorem 1. Let G be any compact subgroup of the group In of isometries of Rn. Then there exists a self-similar set E such that G acts
isometrically on E.
Proof. Take any contracting similitude f of Rn , and consider the set of similitudes Φ = {σ f : σ ∈ G}. All the elements of Φ
are contracting similitudes, and the compactness of G implies that Φ is also compact. Thus, there is a unique compact
self-similar set satisfying
E =
⋃
σ∈G
σ f (E).
Let φ ∈ G be an arbitrary isometry in G . Then φG = {φσ : σ ∈ G} = G . Hence
φE =
⋃
σ∈G
φσ f (E) =
⋃
σ∈G
σ f (E) = E,
which shows that G acts isometrically on E . 
Example 2. We can obtain in this way some well known self-similar sets, such as the Sierpinski triangle: Take as f a homo-
thety with contraction ratio 12 and center in a vertex of an equilateral triangle T , and take as G the group C3 of rotations
about the center O of T through the angle 13 (taking 2π as the unit angle). Observe that the group of isometries of the Sier-
pinski triangle coincides with the group of isometries of T , which consists of the isometries in C3 plus the isometries φC3,
with φ a reﬂection through the line through O and some vertex of T . This shows that in the above construction, the group
of isometries IE can be bigger than the generating group G .
Example 3. An example of a self-similar set with an inﬁnite group of isometries is a disc B . It can be obtained through the
above construction by taking as f any homothety with an invariant point on the boundary of B and contraction ratio r  12 ,
and taking as G the full group C∞ of rotations around the center of B . If r < 12 then the self-similar set generated by the
set of similitudes {σ f : σ ∈ C∞} is a circular annulus.
3. Isometries of self-similar sets with open set condition
We say that a self-similar set E generated by the system Ψ = { f i}i∈M , M = {1,2, . . . ,m}, of contracting similitudes
of Rn satisﬁes the open set condition if there exists a bounded, non-empty, open set O ⊂ Rn such that f i(O ) ∩ f j(O ) = ∅
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sets such as the Koch curve, the Sierpinski triangle, or the unit n-dimensional interval, which provided canonical models for
connected fractal objects. The open set condition is trivially fulﬁlled for self-similar sets without overlapping among the ﬁrst
generation cylinder sets, f i E , 1 i m. The analysis of isometries for this special class of totally disconnected self-similar
sets is carried out in Section 4.
In spite of the title of this section we shall work here in a more general setting, because it requires no additional effort.
This extended framework might prove useful in the future.
Throughout this section, E is a self-similar set generated by a system Φ := { f1, f2, . . . , fm} of contracting similitudes
in Rn , with contraction ratios ri , i ∈ {1,2,3, . . . ,m} := M and with P s(E) > 0, where P s is the s-dimensional packing mea-
sure [5], with s equal to the similarity dimension of E , i.e., for s satisfying
∑
i r
s
i = 1. We also assume, without loss of
generality, that the aﬃne subspace spanned by E , A(E), coincides with Rn .
Notice that if E satisﬁes the open set condition, then 0 < Hs(E) P s(E), so the results in our setting apply to self-similar
sets with open set condition. In [8], Yuval Peres, Károly Simon, and Boris Solomyak have found families E(θ) of self-similar
sets such that 0 = Hs(E(θ)) < P s(E(θ)) for almost every θ in the parameter space.
In the preceding section we explored to what extent self-similar sets can possess large isometry groups. In this section
we focus our attention on a particular family of self-similar sets, and try to characterize the restrictions imposed on the
possible groups of isometries of these self-similar sets.
We ﬁrst show that, in our setting, we can restrict attention to subgroups of orthogonal maps.
Notice that not every isometry (nor every similarity!) has to be a linear map, as the example of translations shows. What
is always true is that if σ is an isometry, then g(x) = σ(x) − σ(0) is a linear orthogonal map [4], and consequently σ is an
aﬃne map.
I am indebted to an anonymous referee, who shortened the proof of the following lemma.
Lemma 4. Let σ ∈ In act isometrically on a compact self-similar set E. Then σ must leave invariant some point a (not necessarily in E)
and σ can be written as σ(x) = g(x− a) + a, where g is an orthogonal map.
Proof. In [4] it is shown that if a similitude σ leaves invariant some point a then it can be written as σ(x) = g(x− a) + a,
with g(x) = σ(x) − σ(0). As g is an orthogonal map whether or not σ has an invariant point, it is enough to prove here
that σ must leave invariant some point. This follows from Brouwer’s ﬁxed point theorem, since σ maps the convex hull
of E onto itself. 
Remark 5. This lemma also follows from Lemma 7, which depends on the hypothesis P s(E) > 0, via Lemma 6. The proof
of Lemma 4 above depends only on the boundedness of E rather than on its self-similar structure, and remains valid for
inﬁnitely generated self-similar sets, even if they are non-compact.
The result just proved shows that an isometry that leaves invariant some point a is essentially an orthogonal map
around a. In fact, it is an orthogonal mapping if we choose a as the new origin of reference; the action of σ may be
described through the equation y = g(x− a) + a, where x and y are the positions with respect to the origin O respectively
of an arbitrary point in Rn and of its image under σ . The positions of x and y with respect to a are given respectively by
X = x− a and Y = y − a. In this new reference system the equation describing the action of σ is Y = g(X).
One diﬃculty in characterizing the isometry group of a self-similar set in terms of orthogonal maps is that we do not
know yet whether their invariant points must coincide. We address this issue now.
We introduce the invariant measure μ and we show its relationship with P s , before establishing the invariance of the
μ-barycenter of E under isometries.
Let μ be the associated invariant measure [4], i.e., the unique probability measure satisfying
μ =
m∑
i=1
rsiμ f
−1
i . (2)
Moreover, by Corollary 2.2 in [8], μ is a multiple of P s . This gives
Lemma 6. Let σ be an isometry in Rn such that σ(E) = E. Then μσ = μ.
Proof. As μ is a multiple of P s , which is invariant under isometries, μ itself must be invariant under isometries. 
Lemma 7. Let x∗(μ) = ∫ xdμ(x) be the μ-barycenter of E, and let σ ∈ IE . Then σ(x∗(μ)) = x∗(μ).
Proof. By Lemma 4 we may assume σ to be linear. Then
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(
x∗(μ)
)= σ
(∫
xdμ(x)
)
=
∫
σ(x)dμ(x)
=
∫
σ(x)dμσ(x) = x∗(μ)
where the second equality follows from the linearity of σ . 
Putting together this result and Lemma 4 we obtain the following general features of IE .
Theorem 8.
a) The subgroup IE of isometries of a self-similar E can be reduced, by taking x∗(μ) as the origin, to some subgroup,OE , of orthogonal
transformations around x∗(μ);
b) OE is a subgroup of the groupOn of orthogonal maps of Rn and
c) OE is a compact group in the metric derived from the supremum norm of linear maps.
Proof. We have proved part a) already. Part b) derives from the fact that any σ ∈OE can be extended linearly to an isometry
of the linear envelope L(E) of E . Lastly, as On is compact, any sequence of isometries in OE must have a subsequence which
converges to some limiting orthogonal map σ , which is easily seen to belong to OE . This proves c). 
From now on we shall work with subgroups of the group On of orthogonal maps of Rn , and we take as the origin the
barycenter x∗(μ).
A further reduction can be made by considering only orientation preserving (or proper), orthogonal maps (see [5] for a
concise but useful description of the structure of On).
The subset O+E of orientation preserving orthogonal maps is a subgroup of OE , which may or may not coincide with O+E .
In the latter case, OE can be written as the disjoint union O = O+E ∪ O−E , where O−E is the subset of O of orientation
reversing orthogonal maps. These can be obtained as compositions of maps in O+E with a symmetry with respect to some
ﬁxed (n−1)-dimensional hyperplane. Thus either O+E and OE are both ﬁnite or are both inﬁnite, and if they do not coincide
and they are ﬁnite, then Card(OE) = 2Card(O+E ).
3.1. Linear and planar self-similar sets
The case n = 1 is easily handled. There are only two groups of orthogonal maps of R, the full orthogonal group and
the trivial group. The full group consists of the symmetry with respect to the origin and the identity. Thus, either OE is
reduced to the identity or it consists of a central symmetry with respect to the barycenter x∗ and the identity. In the ﬁrst
situation, it is easy to construct examples of self-similar sets E , while the ternary Cantor set provides an example in the
latter situation. This completes the discussion concerning the morphology of the groups of isometries of one-dimensional
self-similar sets with positive packing measure.
We now restrict our attention to the case n = 2, so the space under consideration is the plane. Though among the
Euclidean spaces this is the simplest case, here the basic underlying geometric ideas are already apparent.
From now on we abbreviate x∗(μ) to x∗ .
A ﬁrst observation, derived from the invariance of x∗ under isometries and from the planarity restriction, is that O+E
must be a subgroup of rotations of the plane about x∗ [2,10]. The main result, the ﬁniteness of OE , is stated in Theorem 10
below. The upper bound of the cardinality of OE relies on the following geometric property:
Lemma 9. Let C ⊂ R2 be the boundary of a disc B which contains an inscribed regular p-gon, P , all of whose vertices are contained
in another disc B1 with radius larger than that of B. Then B can contain at most one vertex of any regular p-gon P1 inscribed in the
boundary C1 of B1 .
Proof. Fig. 1 below may help in following this proof. We take B1 with radius 1 and the circle C with radius r < 1. Looking
to obtain a contradiction, we shall assume that a circle C as in the statement of the lemma contains two points Q 1 and Q 2
which are vertices of some regular p-gon P1 inscribed in the boundary C1 of B1. We then prove that the arc of C exterior
to C1 is larger than 1p . This will show that any regular p-gon inscribed in C must possess some vertex outside C1, thereby
giving a contradiction with the containment P ⊂ C1. The center R of C must be contained in the disc B1, because it is
the center of mass of the regular p-gon P ⊂ C1. Let C(R) be some circle centered at R ∈ B1, with radius r and containing
two points Q 1 and Q 2 which are vertices of some regular p-gon P1 inscribed in the boundary C1 of B1. Let θ(R) be the
measure of the angle spanned by the arc of C(R) exterior to C1. Observe that the mapping R → θ(R) is constant on circles
centered at the center x∗ of C1, and therefore depends only on d(x∗, R) and is, in fact, an increasing function of d(x∗, R),
with θ(R) → 1 as d(x∗, R) → 0. The relevant domain of θ , if B is to cover Q 1 and Q 2, is D = D1 ∩ D2, where each Di isp
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by the arc, θ(R), of C exterior to C1 is larger than 1p (taking 2π as the unit angle).
the disc with radius r centered on Q i , i = 1,2. The minimum of θ on D is achieved at the point H of intersection of the
boundaries of D1 and D2 (see Fig. 1) and θ(R) θ(H) > 1p holds for any R ∈ D . 
Theorem 10. Let E be a self-similar set generated by m contracting similarities of the plane and satisfying P s(E) > 0 with
∑
i r
s
i = 1.
Then the group O+E of proper isometries of E must be some ﬁnite cyclic group of rotations about the barycenter of E. The cardinality
ofO+E is not larger than m, and the cardinality ofOE is not larger than 2m. In particularOE must be ﬁnite.
Proof. We abbreviate O+E to O+ throughout this proof. Let
C = {x ∈R2: d(x, x∗)= max{d(z, x∗): z ∈ E}}. (3)
Assume that O+ is inﬁnite. The group O+ consists of all rotations about x∗ . If σ ∈O+ and y ∈ C ∩ E , then σ(y) ∈ C ∩ E ,
thus C ∩ E consists at least of the whole orbit O+(y) := {σ(y): σ ∈O+}, which is C itself and C ∩ E = C follows. Let
B = {x ∈R2: d(x, x∗)max{d(z, x∗): z ∈ E}}. (4)
As f i(C) ⊂ E ⊂ B for all i ∈ M , we see that also f i(B) ⊂ B (since similarities map interior points of B into interior points of
f i(B)). This gives
C ⊂ E ⊂
m⋃
i=1
f i(E) ⊂
m⋃
i=1
f i(B) ⊂ B. (5)
Let x ∈ C . Then there exists at least one i ∈ M such that x ∈ f i(B), so x ∈ C ∩ f i(B). We notice now that the disc f i B , being
contained entirely in B and of smaller radius than B , can only intersect the boundary C of B at one point. Thus, if y ∈ C
and y = x then y ∈ C ∩ f j(B) for some j = i. We arrive at the contradiction that the cardinality m of the set of similitudes
generating E must be inﬁnite.
Having proved that O+ must be ﬁnite, by the planarity restriction we know that it must be a ﬁnite subgroup of planar
rotations. In this setting we keep the deﬁnitions in (3) and (4) for B and C . We may assume O+ to be the cyclic group Cp
of rotations of order p ∈ N, or rotations by angles which are integer multiples of 1p . The orbit O+(y) of each y ∈ C ∩ E is
the set of vertices of a regular p-gon strictly contained in C rather than the whole C , as above. Each f i(C ∩ E) contains the
regular p-gon f i(O+(y)). Since
C ∩ E ⊂
m⋃
i=1
f i(E) ⊂
m⋃
i=1
f i(B), (6)
for each z ∈ O+(y) ⊂ C ∩ E there exists some index ϕ(z) ∈ M with z ∈ fϕ(z)(B). Moreover, by Lemma 9 below, each
fϕ(z)(B) ∩O+(y) must be a singleton. Therefore the mapping ϕ is uniquely deﬁned and injective, which shows that
CardO+ = CardO+(y)m (7)
and CardO  2m follows. 
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necessarily be cyclic. If, as in Section 2, we take any such group, say the group Cp of rotations of order p, and any contracting
similarity f , the system of similitudes {σ f : σ ∈ Cp} generates a self-similar set whose group of proper isometries is Cp . If
the contraction ratio r of f is taken small enough such a fractal is totally disconnected, and for certain values of r it will be
connected, while still satisfying the open set condition. See [1] for a study of this interesting family of fractals, called there
fractal p-gons.
Remark 12. Equality in (7) can be attained if C ∩ E =O+(y) for some y ∈ C . In the general situation, C ∩ E =⋃y∈Q O+(y),
where Q ⊂ C is a set of ﬁnite cardinality, say q, and the union is disjoint. In this case we can apply the same argument to
each O+(y), y ∈ Q , obtaining the sharper bound
q × CardO+ m. (8)
Examples for which this situation occurs for arbitrary values of q and CardO+ can be found easily: Given q, p ∈ N, let O+
be the cyclic group Cp of rotations about the center of a circle B through angles equal to integer multiples of 1p . Take a
ﬁnite set Q of cardinality q contained in the boundary C of B , such that the orbits Cp(y), of the points y ∈ Q under Cp are
pairwise disjoint. Let f i , i ∈ M , be homotheties with centers in ⋃y∈Q Cp(y), with identical contraction ratios small enough
as to guarantee that f i(B) ∩ f j(B) = ∅ for i = j. Then one can easily check that the set of homotheties { f i}i∈M generates a
self-similar set E satisfying (8) and whose group O+E of isometries is Cp . The inequalities (7), (8) can be strict, if we add to
the system new similitudes whose associated cylinders f i E are contained in B but which do not touch C .
We now undertake the general case n = 3.
3.2. 3-D self-similar sets
In this section we consider self-similar sets E ⊂R3 with Hausdorff dimension s and P sE > 0.
It is well know from elementary geometry that the elements of O+3 are axial rotations. Thus every ϕ ∈O+3 with ϕ = id
can be written as
ϕ = ρ(ϕ) ◦ PrP (ϕ) + PrV (ϕ), (9)
where ρ(ϕ) is a rotation about the origin in a plane P (ϕ) through an angle θ(ϕ) and V (ϕ) is the axis orthogonal to P (ϕ)
through the origin. The argument given in Theorem 10 can be extended using these facts.
Theorem 13. Let E be a self-similar set generated by m contracting homotheties, f i(x) = λi x+ ti , 1 i m, of R3 , and assume that
P s(E) > 0 with
∑
i r
s
i = 1. Then the subgroupOE of isometries of E is ﬁnite.
Proof. We abbreviate O+E to O+ throughout this proof. Assume that O+ is inﬁnite. We show ﬁrst that each z ∈ E belongs
to a circle C∗(z) ⊂ E . As O+ is inﬁnite we can select a sequence {σn}n∈N , with pairwise distinct terms all different from
the identity. Since O+ is a compact group, we may assume, passing to an appropriate subsequence if necessary, that
σn → σ ∈O+ . As the isometries σ−1n σ , n = 1,2,3, . . . , belong to O+ and σ−1n σ → id, we may assume from the beginning
that σ = id, with σn = id for all n. Consider now the decomposition (9) for every isometry in the sequence {σn}. Let
Vn = V (σn), θn = θ(σn), and let Πn be the plane through the origin orthogonal to Vn . From σn → σ it follows θn → 0,
with θn > 0. Taking again an appropriate subsequence of {σn}, we may assume θn < 1n for all n. Likewise, we may also
assume that Vn converges (in the standard metric on the Grassmannian manifold G(3,1), see [5]) to some line V through
the origin, and Πn → Π , where Π is the plane orthogonal to V through the origin. Let C(n) be the closure of the subgroup
〈σn〉 := {σ pn : p ∈ Z} generated by σn . The sequence C(n) may be assumed to converge, in the Hausdorff metric on compact
subsets of O+ , to some subgroup C∗ ⊂O+ . As each C(n) leaves invariant the line Vn , we see that C∗ must leave invariant V ,
so C∗ is some group of rotations about V . We now observe that each subgroup C(n) is a cyclic group of rotations about Vn
of order not smaller than n, if θn is rational, or else the full group of rotations about Vn . Therefore, the limit C∗ cannot
be a subgroup of rotations of ﬁnite order. It can only be the full group of rotations about V . Then the orbit C∗(z) of z ∈ E
under C∗ is a circle through z, centered at PrV z and contained in the plane P parallel to Π and containing z. Moreover,
since C∗ ⊂O+ , we see that C∗(z) ⊂ E , as we wished to show.
We now observe that if ϕ ∈ C∗ , then P (ϕ) = Π and V (ϕ) = V , so by (9),
PrΠ ◦ ϕ = PrΠ ◦ ρ(ϕ) ◦ PrΠ + PrΠ ◦ PrV = ρ(ϕ) ◦ PrΠ,
and
ρ(ϕ) ◦ PrΠ E = PrΠϕE = PrΠ E. (10)
In words, the rotation ρ(ϕ) acts on the set PrΠ E := F .
We now repeat the argument given in Theorem 10 for the plane, but working with F rather than with E .
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fˆ i(x) = λiPrΠ(x) + PrΠ(ti) = fˆ i ◦ PrΠ(x). (11)
Therefore,
F = PrΠ
m⋃
i=1
f i E =
m⋃
i=1
fˆ i E =
m⋃
i=1
fˆ i F ,
which means that F is the self-similar set generated by the system of contracting similitudes { fˆ i: 0 i m} (these maps
are indeed similitudes when restricted to Π ). From the ﬁrst equality in (11) it follows that the contraction ratio of each fˆ i
coincides with that of f i , and so s is still the similarity dimension of F . We cannot yet apply Theorem 10 directly because
in projecting E onto F there can be a decrease of dimension, and it is not guaranteed that P s(F ) > 0 holds. Let
C = {x ∈ Π : d(x, x∗)= max{d(z, x∗), z ∈ F}}, (12)
B = {y ∈ Π : d(y, x∗)max{d(z, x∗), z ∈ F}}, (13)
and let y ∈ C ∩ F . By (10), the orbit C∗(y) = C of y under the group C∗ must be contained in F . Likewise, as in the ﬁrst
part of the proof of Theorem 10,
fˆ i(C) ⊂ F ⊂ B, (14)
fˆ i(B) ⊂ B,
C ∩ F ⊂
m⋃
i=1
fˆ i(F ) ⊂
m⋃
i=1
fˆ i(B) (15)
for 1  i m. Thus each y ∈ C ∩ F must belong to some fˆ i(B) and it can only belong to one such fˆ i(B), which gives a
contradiction. 
Corollary 14. Let E be as in the preceding theorem. Then O+E is either a ﬁnite cyclic group of rotations about an axis (a ﬁnite
dihedral subgroup) and cardO+E  m or it is the group of orientation preserving isometries of one of the ﬁve platonic solids and
cardO+E (y)m, for y ∈ E.
Proof. The groups mentioned in the statement are the only possible ﬁnite groups of orientation preserving isometries in
R
3 (see [2, Chap. 3] or [9]). If O+E is the group of rotations of order p around a common axis V , then each z ∈ E belongs
to a planar regular p-gon, C∗(z), orthogonal to V . If Π is the plane through the origin orthogonal to V , F = PrΠ E , and
fˆ i = PrΠ ◦ f i , 1 i m, then the inclusions in (14) hold for B and C as in (12), (13). Let y ∈ C ∩ F . Then each z ∈ C∗(y)∩ F
belongs to the regular p-gon C∗(y) contained in C and to some fˆ i(B), which must be unique by Lemma 9, and CardO+E m
follows.
Notice that in the planar case the cardinalities of O+E and those of its orbits coincide, but this is not always true in
higher dimensions. The cardinality of the isometry group of a platonic solid exceeds by far the cardinality of its vertex set,
which is an orbit of the group. If O+E is the isometry group of some platonic solid, we obtain a relationship between the
cardinality m of the generating system of similitudes and that of the orbit O+E (y) of a point y ∈R3, y = x∗ . To this end, we
consider the orbit O+E (y) of some y ∈ E with d(y, x∗) maximal. This orbit is the set of vertices of some platonic solid K . On
the other hand it is well known that E is contained in the convex hull H of the centers of the generating homotheties f i ,
1 i m. Thus K ⊂ H ⊂ B , where B is the ball with center x∗ and radius d(y, x∗). Then, by the maximality property of y,
we see that E ⊂ B .
Moreover, the vertices of K are extreme points of H . Assume that, on the contrary, for some z ∈ K there were a seg-
ment pq with p,q ∈ H and p,q = z, with z ∈ pq. Then, as z ∈ K , it must belong also to the boundary of B , and either p or
q would lie outside B , which contradicts H ⊂ B . We have shown that each z ∈ K is the ﬁxed point of one of the generating
homotheties, which shows that cardO+E (y)m. 
3.3. Some examples
Examples of the two types of subgroups of isometries of self-similar sets considered in the above corollary can be ob-
tained by taking the corresponding groups in Theorem 1 and a similitude f with contraction ratio so small as to ensure that
the resulting self-similar set satisﬁes the strong separation conditions (its cylinders f i E do not overlap among themselves)
and thus that P sE > 0. In the case of subgroups of axial rotations, if the similitude f does not leave invariant the plane
orthogonal to the axis of rotation, the resulting example does not reduce to a planar self-similar set, yielding instead a
3-dimensional counterpart of the fractal p-gons mentioned in Remark 11.
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Fig. 3. First stage of construction of platonic just touching self-similar sets generated by an octahedron an icosahedron and a dodecahedron.
A nice family of “platonic fractals” can be obtained through systems of homotheties with a common contraction ratio
and centers at the vertices of some platonic solid. The projections on planes of these self-similar sets yield rich families of
self-similar sets (see Fig. 2). The isometry group of such a fractal coincides with the isometry group of the corresponding
platonic solid. Each contains several dihedral subgroups. The tetragasket of Sierpinski, obtained taking as the platonic solid
a tetrahedron, is a well known member of this family. Particularly interesting is the “just-touching case” arising from the
smallest contraction ratio that yields a connected fractal. In the case of the tetrahedron, its images under the generating
homotheties intersect at points, while in the cases of the dodecahedron, the icosahedron, and the octahedron the contact
seems to take place along full edges (see Fig. 3), and in the case of the cube along full faces. If we apply the method in The-
orem 1 to the isometry group of some platonic solid, and take an arbitrary contracting similitude as f , there results another
rich and more complex family of self-similar sets associated to the platonic solids. Furthermore, the same construction can
be made using regular polytopes in higher dimensional spaces, thereby yielding complicated but highly symmetric fractals
that cannot be directly visualized, but which can be projected on planes or three-dimensional spaces.
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Recall that a self-similar set E generated by a set Φ = { f i: i ∈ M}, M = {1,2,3, . . . ,m}, of contracting similitudes of Rn is
said to be strongly separated if the primary cylinder sets f i E , i ∈ M , are mutually disjoint. Then the cylinders { f i E, i ∈ M}
partition E and they are d-separated, in the sense that min{d( f i E, f j E): i = j} = d > 0 is the smallest radius of a circle
centered at E and intersecting two different primary cylinders.
We assume in this section that E is a strongly separated self-similar set whose aﬃne span, A(E), coincides with Rn . We
then prove that IE is ﬁnite.
For j ∈ {1,2,3, . . . ,m}k , k ∈ N, we abbreviate f j1 ◦ f j2 ◦ · · · ◦ f jk E by f j E and r j1r j2 . . . r jk by r j . The sets f j E , j ∈ {1,2,
3, . . . ,m}k , are the (primary) cylinders of E if k = 1, and subcylinders of E if k > 1. We may assume that the diameter of E ,
|E|, is equal to 1.
We prove the ﬁniteness of IE in Theorem 16. To this end we ﬁrst prove the following lemma.
Lemma 15. Let E be a strongly separated self-similar set generated by a system Φ = { f i}i∈M, M = {1,2,3, . . . ,m}, of contracting
similitudes of Rn, and assume that the aﬃne subspace A(E) spanned by E coincides with Rn. Let B be a ball of radius 1, centered
at the barycenter x of B. Then there exists a positive integer k such that no (n − 1)-dimensional aﬃne subspace can hit all balls f i B,
i ∈ Mk.
Proof. It is easy to see that E ⊂ B , so f i E ⊂ f i B for any i ∈ Mk , k ∈ N. Since A(E) = Rn we may choose points x j ∈ E ,
j = 1,2, . . . ,n + 1, in general position. Let V = A{x1, x2, . . . , xn} be the (n − 1)-dimensional aﬃne subspace spanned by
X := {x1, x2, . . . , xn}. Given any k ∈ N, each x j ∈ X , j = 1,2, . . . ,n, belongs to a unique subcylinder f i j E , i j ∈ Mk . All these
subcylinders f i j E are contained in the δk-parallel body V [δk] := {y ∈ Rn: d(y, V ) δk}, of V , where δk = rkmax with rmax =
max{ri, i ∈ M}.
Assume that, for every k ∈ N, there exists an aﬃne (n − 1)-dimensional subspace Vk that intersects all the balls f i B ,
i ∈ Mk . For a given k, Vk intersects the balls f i j B , j = 1,2, . . . ,n, and can be written as A{yk1, yk2, . . . , ykn}, with d(xi, yki )
2rkmax for all y
k
i . It follows that Vk ∩ B → V ∩ B as k tends to inﬁnity (in the Hausdorff metric). Thus, given any δ > 0, there
exists a k such that Vk ∩ B ⊂ (V ∩ B)[δ]. On the other hand, since all balls f i B , i ∈ Mk , intersect Vk , E ⊂ (Vk ∩ B)[2rkmax]
follows and, for k large enough, E ⊂ (Vk ∩ B)[δ] holds. This and Vk ∩ B ⊂ (V ∩ B)[δ] give E ⊂ (V ∩ B)[2δ]. Letting δ tend to
zero, we arrive at the contradiction that E ⊂ V , contrary to the assumption A(E) =Rn . 
Theorem16. The group IE of isometries of any strongly separated self-similar set E generated by a contracting systemΦ = { f i: i ∈ M}
of similitudes of Rn is ﬁnite.
Proof. Assume that IE is inﬁnite. Using the arguments given in the proof of Theorem 13, we know that there are isometries
in IE arbitrarily close to but different from the identity. By the lemma above, going if necessary to systems of similitudes Φk
for k large enough, we can assume that no (n−1)-dimensional linear subspace can intersect all primary cylinders f i E , i ∈ M .
Let min{d( f i E, f j E): i = j} = d, let σ ∈ IE be such that ‖σ − id‖ < d/2 and take some i ∈ M with f i B ∩ Pσ = ∅, where
Pσ is the linear subspace of points in Rn which are invariant under σ , and B is the ball described in the statement of the
above lemma. By the selection of σ we know that σ f i E is contained in the d/2-parallel body ( f i E)[d/2] of f i E . By the
deﬁnition of d, ( f i E)[d/2] ∩ E = f i E . Since σ f i E ⊂ ( f i E)[d/2] ∩ E we arrive at the conclusion that σ f i E ⊂ f i E . Notice that
f i E itself is a self-similar set. The isometry σ ∈ I f i E is an orthogonal map which leaves invariant the barycenter f ix of f i E .
Hence, f ix ∈ Pσ ∩ f i B must hold, in contradiction with the selection of f i B . 
Remark 17. If E is a planar and strongly separated self-similar set the results in the previous section give us further
information: q cannot exceed twice the cardinality m of the system that generates E .
5. Conclusions
Extending our proofs of the ﬁniteness of some isometry groups in Section 3 to the general case of self-similar sets with
open set condition requires the use of the properties of orbifolds [6], or the sets of orbits described by the points of E under
its group of isometries. Such orbits can be understood as sums of rotations, and there are technical diﬃculties that prevent
straightforward application of the arguments given in this paper for the cases n = 2 and 3, although the most obvious
conjecture is that the groups of isometries of these sets must always be ﬁnite, and that an upper bound on the cardinality
of an orbit of the isometry group can be obtained as a function of the cardinality of the generating system.
The self-similar sets in R3 and higher dimensional spaces described in Section 3.3 give useful canonical models of fractals
with a rich geometry and which are not planar.
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